MATH REVIEW #1 (short version)

The Single Variable Case
Below is a list of mathematical concepts that are useful in economic analysis. 

1. Sets: 

1.1. A set X is a well-defined collection of elements.  

1.2. A convex set is a set for which, given any two elements of the set (x and y) and a scalar 0 ( ( ( 1, the following holds: [( x + (1-() y] is also an element of the set.

2. Functions of one variable

2.1. Definition

A function f associates each element of a set X with a unique element in another set Y.  That is, each x is mapped to a unique y, but no x is mapped to multiple y.

X is called the domain of f and Y is called the range of f.  

2.2. Notation 

f: X(Y.  In words, “f maps the set X into the set Y.”

f(x).  In words, “f of x.”  Here, x is an element of the set X and is called the argument of f.  

2.3. Limits   

Definition: The limit of f at b exists if, for all ( > 0, there exists a 
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such that if 0 < |x - b| < (, then |f(x) - A| < (.  

Notation: limx(b f(x) = A.  In words, “the limit of f as x approaches b equals A.”

Notes:
f(x) does not have to be defined at b, but must be defined “near” b.


If f(x) is defined at b, it may be the case that f(x) ( b.

2.4. Continuity: f is continuous at b if, for all ( > 0, there exists a ( > 0 such that if 0 < |x - b| < (, then |f(x) - f(b)| < (.

3. Two Important Functions: (1) f(x) = erx, and (2) f(x) = ln(x).

3.1. Definitions:  

ex = limn(( (1 + x/n)n, n = 1, 2, …

y = ex means that x = ln(y) = loge(x)

loga(x) = logb(x)/logb(a).

3.2. First derivatives:  (1) f’(x) = r erx, and (2) f’(x) = 1/x.

3.3. Relationship: eln(x) = x

3.4. Properties:

3.4.1. ln(a b) = ln(a) + ln(b).

3.4.2. ln(a/b) = ln(a) - ln(b).

4. Discounting: Let t = 0 denote the current time. Consider a payment X received in period t > 0 under a periodic interest rate r compounded k times. The present value of this payment is: PV = X ( [1/(1+(r/k))]kt (e.g., with k = 1, this gives the standard discounting formula: PV = X/(1+r)t). As k becomes large, we have limk(( [(1+(r/k)]k = er.  It follows that, under “continuous time”, limk(( [1/(1+(r/k))]kt = e-rt. Then, the present value of X becomes PV = X e-rt.  

5. A note on Identities (() versus Equalities (=):

Though similar, these two notations have important distinctions. An Identity (() can be read as “is identically equal to” or “is defined by,” and is often employed in a definitional equation in place of an equal sign, although the later is also acceptable.

6. Derivatives of single variable functions

6.1. Definition: The derivative of a function f(x) with respect to its argument x measures the rate of change of f with respect to x.  In other words, it measures the relative change in f(x) given a small change in x.  Mathematically, (f(x)/(x = lim(x(0 [f(x+(x)-f(x)]/(x. A function is differentiable on a set X if and only if this limit exists for all x in X. Note that a function must be continuous at b for its derivative to exist at b; but continuity at b does not guarantee differentiability at b.

6.2. Notation: Df(x), (f(x)/(x, or f’(x), or fx all represent the derivative of f with respect to x.

6.3. Chain rule

Suppose f(x) exists and let x = g(t).  Then we can write h(t) = f(g(t)), where h(t) is called a composite function.  The Chain rule states that: ht = fx ( gt.

6.4. Product rule

Let f(x) = g(x) ( h(x).  The Product rule states that: fx = gx ( h + g( hx.

6.5. Quotient rule

Now let f(x) = g(x)/h(x).  The Quotient rule states that: fx = (gx ( h - g ( hx)/h2.  

7. Properties of single variable functions

7.1. Monotonicity: a function f(x) is monotonic if fx has constant sign for all x in X.  If fx has constant sign, f can be said to be a monotonic transformation of x. Monotonic functions have unique inverse functions associated with them.

7.2. (Strict) concavity: a differentiable function f(x) is strictly concave on a set X if fxx < 0 for all x in X.  

7.3. (Strict) convexity: a differentiable function f (x) is strictly convex on a set X if fxx > 0 for all x in X.

7.4. Elasticity: A dimensionless measure of the percentage change in f(x) due to a percentage change in x is called the elasticity of f(x).  Mathematical definition: ( = ((f/(x)((x/f(x) = (ln[f(x)]/(ln(x).  

7.5. Homogeneity: A function is said to be homogeneous of degree (HOD) r if and only if f(t ( x) = tr ( f(x).  That is, if changing the argument by a factor of t changes the value of the function by a factor of tr for all x.  

7.5.1. Example: f(x) = x2. Then, f(t(x) = (t(x)2 = t2(x2 = t2(f(x). So f is HOD 2.  

7.5.2. Increasing returns to scale: A homogeneous function exhibits increasing returns to scale if it is HOD greater than one.

7.5.3. Constant returns to scale: A homogeneous function exhibits constant returns to scale if it is HOD 1.  Also called linearly homogeneous.
7.5.4. Decreasing returns to scale: A homogeneous function exhibits decreasing returns to scale if it is HOD less than one.

7.5.5. Euler’s Theorem: If f(x) is HOD r, then r ( f(x) = x ( fx.  

Example from above: f(x) = x2 is HOD 2. Then, r ( f(x) = 2 x2 and x ( fx = x ( 2x = 2x2.  

7.6. Homotheticity: A homothetic function is a monotonic transformation of a homogeneous function.  Homothetic functions have the property that the slopes of the isoquants along all radial expansion paths are constant.

7.7. Second derivative: The second derivative of f(x) is the derivative of the derivative of f(x): (((f(x)/(x)/(x. It is denoted by (2f(x)/(x2, D2f(x), f”(x), or fxx. 

7.8. Higher derivatives: The n-th derivative of f(x) is the derivative of the (n-1)-th derivative of f(x), n = 2, 3, 4, … It is denoted by (nf(x)/(xn, Dnf(x), or fn(x).

7.9.  A function is n-times continuously differentiable on a set X if its n derivatives exist and are continuous for all x in X. The class of function that satisfies this property is denoted by Cn.

8. Mean Value Theorem: If f(x) is a C1 function on a convex set X, then, given any two elements a and b in X, there exists some element c on the interval [a, b] such that: f(b) - f(a) = f’(c) ( (b - a).

9. Taylor Series Expansion: Suppose f(x) is in the class Cn (i.e., f(x) has n continuous derivatives), n being a non-negative integer.  Taylor’s Theorem states that:

f(x) = f(x0) + f’(x0) ( (x - x0) + (1/2!) f”(x0) ( (x - x0)2 + (1/3!) f”’(x0) ( (x - x0)3 + …



(1/n!) fn(x0) ( (x - x0)n + Rn(x, x0),

where n! = [n ( (n-1) ( ((( 2 ( 1] is the factorial of n, and Rn(x, x0) is a remainder term. 

If fn+1(x) exists, then Rn(x, x0) = (1/(n+1)!) fn+1(x*) ( (x - x0)n+1, for some point x* between x and x0. Then, the mean value theorem is a special case when n = 0.

In addition, the remainder Rn satisfies the property limx(x0 {Rn(x - x0)/|x - x0|n} = 0. It follows that f(x) can be approximated locally in the neighborhood of x0 by the n th-order Taylor Series Expansion: 

f(x) ( f(x0) + f’(x0) ( (x - x0) + (1/2!) f”(x0) ( (x - x0)2 + (1/3!) f”’(x0) ( (x - x0)3 + …



+(1/n!) fn(x0) (x - x0)n.

10. Local Extrema

10.1. First order necessary conditions (FONC): Suppose f(x) is a C1 function on a convex set X.  Then a necessary condition for f to achieve a local extremum (i.e. minimum or maximum) at a point b in X is: f’(b) = 0.

10.2. Second order sufficiency conditions (SOSC): Suppose the FONC is satisfied for a point b in X.  Then a sufficient condition for the point b to be a local maximum (minimum) is: f”(x) <(>) 0 at b.  

10.3. Second order necessary conditions (SONC): Suppose the FONC is satisfied for a point b in X. Then a second order necessary condition for f to achieve a local maximum (minimum) is: f”(x) ( (() 0 at b.

	A quick note on necessary versus sufficient conditions.

	A is a necessary condition for B 

if 
B ( A (read: “B implies A”).

A is a sufficient condition for B 

if
A ( B.

A is a necessary and sufficient
                            condition for B 

if
A ( B. 
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