Math Review #2 (short version)

The Multivariate Case

1. Some common mathematical notation

1.1. ( 
- “is identically equal to” or “is defined as”

1.2. ( 
- “there exists”

1.3. ( 
- “for all”

1.4. ( 
- “therefore”

1.5. ( 
- “is an element of”

1.6. (
- “is not an element of” 

1.7. ( 
- “implies”

1.8. ( 
- “if and only if,” or “iff” for short

2. Multi-variable functions

2.1. Notation: y = f(x1, x2, …, xm) 

2.2. Example (Cobb-Douglas production function): f(x1, x2) = x1( x21-(
2.3. Young’s Theorem: Denote by f12 = (2f/(x1(x2 the derivative of (f/(x1 with respect to x2 and by f21 = (2f/(x2(x1 the derivative of (f/(x2 with respect to x1. If f12 and f21 are both continuous, then f12 = f21.  That is, the order of differentiation does not matter. This theorem also applies to functions of 3 or more variables. So, for example, given y = f(x1, x2, x3), if the fij = (2f/(xi(xj, i, j ( {1, 2, 3}, are continuous, then fij = fji, ( i, j ( {1, 2, 3}.

2.4. Implicit Function Theorem: Given an implicit function f(x1, x2, y) = 0, where y is a parameter, we may wish to solve this equation for x2. This would have for solution a function x2 = g(x1, y) in a neighborhood of a point (x1*, x2*, y*) satisfying f(x1*, x2*, y*) = 0. The implicit function theorem states that the function x2 = g(x1, y) exists if

· the derivatives f1 and f2 exist and are continuous near (x1*, x2*)

· the derivative f2 is nonzero at (x1*, x2*).

2.4.1. Isoquants or Level Curves: Let y = f(x1, x2). Assume that f1 and f2 exist and are continuous and that f2 ( 0. Then, applying the implicit function theorem, there exists a function x2 = g(x1, y). The value of the function x2 = g(x1, y) measures the amount of x2 needed to reach level y, given x1.  The locus (set) of points (x1, x2) needed to reach a given level y is called an isoquant or a level curve.  The value of y does not change as one moves along an isoquant x2 = g(x1, ()

2.5. (Partial) Elasticity: This is a common measure used in economics. In the case of a multi-variable function, it is a dimensionless measure of the percentage change in some function y = g(x1, x2, …, xn) due to a percentage change in one of its arguments, xi, holding the other arguments constant. Depending on what g(() represents, and the argument of g(() that is used to calculate the elasticity, the names of particular elasticities often take the form “xi elasticity”, “xi elasticity of g(()” or “elasticity of g(() with respect to xi” (e.g. “price elasticity” or “price elasticity of demand” or “elasticity of demand”). Mathematical definition: 

(y,xi 
= ((y/(xi) ( (xi/y) = ((g(()/(xi) ( (xi/g(())

= (ln(y)/(ln(xi) = (ln(g(())/(ln(xi) if y > 0 and xi > 0.

3. Derivatives of multi-variable functions

3.1. Definitions

3.1.1. A partial derivative (or just “partial”) measures the rate of change of a multi-variable function with respect to one of its arguments, holding the other arguments constant.  So, when taking the partial derivative of y = f(x1, x2, …, xm) with respect to, say, xj, simply treat the other (m-1) arguments as constants.  For example, the Cobb-Douglas function has two first partials: 

(f(x1, x2)/(x1 = ( x1(-1 x21-(, 

(f(x1, x2)/(x2 = (1-() x1( x2-(.  

Notice that these derivatives are, respectively, the marginal products of x1 and x2.  

3.2. Second partials measure the rate of change of a first partial with respect to one of its arguments, again holding the other arguments constant.  Note that f12 and f21 are often called the cross or mixed partials, and f11, f22 are sometimes called own partials. As an example, the Cobb-Douglas function has four second partials: 

(f2(x1, x2)/(x12 = ((-1) ( x1(-2 x21-(, 

(2f(x1, x2)/(x22 = -( (1-() x1( x2-(-1, 

(f2(x1, x2)/(x1(x2 = (1-() ( x1(-1 x2-(, 

(2f(x1, x2)/(x2(x1 = ( (1-() x1(-1 x2-(. 

Notice that Young’s Theorem holds here (i.e., the cross partials are equivalent).

3.2.1. The total derivative of a function f = f(x1, x2, …, xm) measures the actual change in the value of the function given small changes in its arguments: dy = (f/(x1 dx1 + (f/(x2 dx2 + … + (f/(xm dxm.

3.3. Chain Rule: Suppose we have a function y = f(x1(t), x2(t), …, xm(t)). Then: 

(y/(t = (f/(x1 ( (x1/(t + (f/(x2 ( (x2/(t + … + (f/(xm ( (xm/(t.  

3.4. Product Rule: Suppose we have a function y = f(x1, x2, …, xm) ( g(x1, x2, …, xm).  Then:

(y/(xi = (f/(xi ( g(() + f(() ( (g/(xi, i = 1, 2, …, m.

3.5. Quotient Rule: Suppose we have a function y = f(x1, x2, …, xm)/g(x1, x2, …, xm), with g ( 0.  Then:

(y/(xi = ((f/(xi)/g(() - f(() ( ((g/(xi)/[g(()]2, i = 1, 2, …, m. 

3.6. Notes on multiple forms of notation: Multiple forms of notation for first and second partial derivates abound in mathematics, all of which you should get comfortable with quickly. Let y = f(x1, x2, …, xm). Some different forms of notation are as follows:

3.6.1. First derivatives (with regard to variable xi): (y/(xi, (f/(xi, fxi, fi. 

3.6.2. Second derivatives:


4. Own partials: (2y/(xi2, (2f/(xi2, fxi,xi, fii.

5. Cross partials: (2y/(xi(xj, (2f/(xi(xj, fxi,xj, fij. 

6. Properties of multi-variable functions

6.1. A multi-variable function is monotonic in one of its arguments if its partial derivative with respect to that argument has a constant sign over its domain. 

6.2. Homogeneity: A multi-variable function is said to be homogeneous of degree (HOD) r if and only if f(t ( x1, …, t ( xm) = tr ( f(x1, …, xm).

 Note: r may be negative. 

6.2.1. Example (Cobb-Douglas): f(x, y) ( xa y1-a. Then, f(t ( x) = (t ( x)a (t ( y)1-a = t ( xa y1-a ( t ( f(x,y).  So the Cobb-Douglas production function is HOD 1.  
6.2.2. Theorem: If f is HOD r, then its first partials are HOD (r-1).
6.2.3. Euler’s Theorem: 
If f(x1, x2, …, xm) is HOD r, then r (f(.) = x1 ( fx1 + x2 ( fx2 + … + xm ( fxm.
Example: f(x, y) ( xa y1-a is HOD 1. Then, r ( f(x, y) = 1 ( xa y1-a.   Also: x ( fx = x ( axa-1 y1-a = a xa y1-a and y ( fy = y ( (1-a) xa y-a = (1-a) xa y1-a. So: x ( fx + y ( fy = xa y1-a ( 1 ( f(x, y). 
6.2.4. If f(x1, x2, …, xm) is HOD r and x1 > 0, then the function f can always be written as f(x1, x2, …, xm) = (x1)r ( g(x2/x1 …, xm/x1).

6.3. Some important economic concepts based on homogeneity:

6.3.1. Constant returns to scale: A homogeneous function exhibits constant returns to scale if it is HOD 1.  A HOD1 function is also called a linearly homogeneous function.

6.3.2. Decreasing returns to scale: A homogeneous function exhibits decreasing returns to scale if it is HOD less than one.

6.3.3. Increasing returns to scale: A homogeneous function exhibits increasing returns to scale if it is HOD greater than one.
6.4. Homotheticity: A homothetic function is a monotonic transformation of a homogeneous function.  Homothetic functions have the property that the slopes of the isoquants along all radial expansion paths are constant.

6.5. Slope of an isoquant: an isoquant is defined the value x2 satisfying f(x1, x2) = y0.  Suppose the conditions of the Implicit Function Theorem hold and the function x2(x1, y) exists. Then we can write: f(x1, x2(x1)) ( y0. Differentiating both sides of this identity with respect to x1 gives: f1 + f2 ( (x2/(x1 = 0.  Rearranging gives: (x2/(x1 = -f1/f2, which is the slope of the isoquant.  Slopes of isoquants are often interpreted as the marginal rate of substitution (or transformation) between two goods.  Notice that homothetic functions have constant marginal rates of substitution (transformation) along radial expansion paths. 

7. Some basics of linear algebra:

7.1.1. Let there be some N ( M matrix defined as

A = 
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7.1.2. The matrix A is square if N = M.

7.1.3. A (N(N) square matrix is an identity matrix, denoted by IN , if it satisfies IN = 
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7.1.4. The square matrix A is symmetric if anm = amn for all n, m ( {1, …, N}.

7.2. Matrix addition:. Then, 

A = B + C, 

where B and C are (N(M) matrices, and A is (N(M) matrix satisfying anm = bnm + cnm, n = 1, …, N, m = 1, …, M.

7.3. Matrix multiplication: 

A = B ( C

where B is a (N(K) matrix, C is a (K(M) matrix, and A is is (N(M) matrix satisfying anm = (k bnk ( ckm, n = 1, …, N, m = 1, …, M.

7.4. Matrix transpose: The transpose of the (N(M) matrix A, denoted by A’, is the (M(N) matrix B (( A’) satisfying anm = bmn, n = 1, …, N, m = 1, …, M.

7.5. The Determinant of A: Let |A| denote the determinant of A. 

Let |Anm| denote the minor of anm, defined as the determinant of the matrix obtained after deleting the n-th row and m-th column from A. 

The cofactor of anm is defined as Cnm = (-1)n+m |Anm|. 

The determinant of the above N ( N matrix A (with N = M) is:

|A| 
= 
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7.6. Positive Definite and Negative Definite: 
The N(N symmetric matrix A is positive definite if v’ A v > 0 for all (N(1) vectors v satisfying v ( 0. It is positive semi-definite if v’ A v ( 0 for all (N(1) vectors v.

The N(N symmetric matrix A is negative definite if v’ A v< 0 for all (N(1) vectors v satisfying v ( 0. It is negative semi-definite if v’ A v ( 0 for all (N(1) vectors v.

Let |An| denote the determinant of the n-th principal minor of ann, formed by removing the rows (n+1) to N and columns (n+1) to N from A. For example, the principal minors of A are A1 = a11, A2 = 
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, etc. Then the criteria for a matrix to be positive definite or negative definite are as follows:

	Condition
	Criteria

	A is Positive Definite
	|An| > 0 for all n = 1, 2, …, N

	A is Negative Definite
	(-1)n |An| > 0 for all n = 1, 2, …, N.


7.7. Singularity:  A square matrix A is singular if any of its columns (rows) is a linear combination of one or more of its other columns (rows). From the basic properties of determinants, “if any row (or column) is a multiple of another rows (or columns), the value of the determinant of A, |A|, will be zero. 

Thus, the matrix A is singular if and only if |A| = 0.

And the matrix A is said to be non-singular if and only if |A| ( 0.   

7.8. Inverse of a matrix: Assuming that A is non-singular, then the inverse of A, denoted by A-1, satisfies A A-1 = IN. It can be obtained as follows:

A-1 = (1/|A|) ( C’,

where C’ is the transpose of C, C is the cofactor matrix of A defined such that Cnm = (-1)n+m |Anm|, |Anm| denoting the minor of anm, n, m ( {1, …, N}.

7.9. Solving a system of equations: Consider a system of N linear equations in N unknowns,
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or, using matrix notation, 

A ( x = b, 

where A =
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is a (N(N) matrix, x = (x1, …, xN)’ is a (N(1) vector, and b = (b1, …, bN)’ is a (N(1) vector. 

If A is non-singular, this system of equation has a unique solution, which is:

x = A-1 ( b.
7.9.1. Cramer’s rule: 

Another way to obtain a solution to the system of linear equations, A ( x = b, is to apply Cramer’s rule. If A is non-singular, the determinant of A is non-zero (|A| ( 0), and the solution for the (N(1) vector x = (x1, x2, …, xN)’ can be expressed as follows: 

x1 =
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8. Local extrema of multi-variable functions:

Suppose that y = f(x1, x2) has continuous partial derivatives.  Then,

8.1. The first order necessary conditions (FONC) for f to achieve a local extremum at a point x* = (x1*, x2*) are: (f(x1*, x2*)/(x1 = 0 and (f(x1*, x2*) /(x2 = 0.  

8.2. Suppose the FONC are satisfied at a point b.  Then the second order sufficient condition for the point b to be a maximum of f are: f11 < 0 and f11 ( f22 – (f12)2 > 0.

8.3. The second order sufficient condition for the point x* = (x1*, x2*)  to be a minimum of f are: f11 > 0, and  f11 ( f22 – (f12)2 > 0.

9. The Hessian Matrix

The Hessian matrix of a function f(x) is the matrix of the second-order partial derivatives of the function.                                                          

Example: The Hessian of f(x1, x2) is H =
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, where fij = (2f/(xi(xj, i, j = {1, 2}  

9.1. Curvature of f: 
9.1.1. Concavity: Suppose that f(x), x = (x1, x2), is twice continuously differentiable on its domain X. Then f(x) is concave iff H is negative semi-definite for all x ( X. And f(x) is strictly concave if H is negative definite for all x ( X.

9.1.2. Convexity: Suppose that f(x), x = (x1, x2), is twice continuously differentiable on its domain X. Then f(x) is convex iff H is positive semi-definite for all x ( X. And f(x) is strictly convex if H is positive definite for all x ( X.

Note: Although the same term is used, convexity of a function and convexity of a set are different concepts…

9.2. Suppose that the FONC are satisfied at some point x* = (x1*, x2*). Then a second order sufficient condition for x* to be a maximum of f(x) is that the Hessian is negative definite for all x ( X. So for the above example, this means that f11 < 0 and f11 ( f22 - (f12)2 > 0. 

9.3. Suppose that the FONC are satisfied at some point x* = (x1*, x2*). Then a second order necessary condition for x* to be a maximum of f(x) is that the Hessian is negative semi-definite for all x ( X. In the two variable case, this means that f11 ( 0 and f11 ( f22 - (f12)2 ( 0. 
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